We investigate the real-time evolution of quarkonium bound states in a quark-gluon plasma in one dimension using an improved QCD-based stochastic potential model. This model describes the quarkonium dynamics in terms of a Schrödinger equation with an in-medium potential and two noise terms encoding the residual interactions between the heavy quarks and the medium. The probabilities of bound states in a static medium and in a boost-invariantly expanding quark-gluon plasma are discussed. We draw two conclusions from our results: One is that the outcome of the stochastic potential model is qualitatively consistent with the experimental data in relativistic heavy-ion collisions. The other is that the noise plays an important role in order to describe quarkonium dynamics in medium; in particular it causes decoherence of the quarkonium wave function. The effectiveness of decoherence is controlled by a new length scale lcorr. It represents the noise correlation length and its effect has not been included in existing phenomenological studies.
I. INTRODUCTION
Ultrarelativistic heavy-ion collisions are the only experiments currently able to create the high-temperature state of nuclear matter on the Earth. By colliding two nuclei accelerated to almost the speed of light, the temperature in the small collision volume of nuclear size ∼ (10 fm) 3 reaches above 2 trillion kelvin (about 0.2 GeV) for a short period of time ∼ 10 fm/c. In such an extremely hot environment, nuclear matter is expected to take on the form of a strongly coupled plasma, composed of quarks and gluons [quark-gluon plasma (QGP) [1] ], liberated from inside the nucleons. Evidence of QGP formation in heavy-ion collisions at the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC) is being accumulated by combining various indirect hadronic and leptonic signals [2] .
Quarkonium is a bound state of a heavy quark pair (cc charmonium, bb bottomonium) and is an ideal probe to signal the QGP formation [3] . The binding force of the heavy quark pair in the vacuum is strong and reaches over long distance. In QGP, however, the liberated quarks and gluons screen the charges of heavy quarks and the binding force gets short ranged. This led to the idea that the heavy quark pair in QGP cannot be bound by the weakened force and the number of quarkonium states would decrease inside QGP [4] . Once a quarkonium state cannot maintain itself, the heavy quarks diffuse independently in the QGP. It is expected that when the heavy quark density is high, though, there is yet a finite probability that initially uncorrelated heavy quarks form a * kajimoto@kern.phys.sci.osaka-u.ac.jp † akamatsu@kern.phys.sci.osaka-u.ac.jp ‡ yuki@phys.sci.osaka-u.ac.jp § rothkopf@thphys.uni-heidelberg.de quarkonium state at the freeze-out of QGP fireball via recombination [5] . Experimental yields of Υ(bb) in Pb-Pb collisions at the LHC [6] [7] [8] [9] and of Υ [10, 11] and J/ψ(cc) [12] [13] [14] in Au-Au collisions at the RHIC indeed show suppression compared to that in proton-proton collisions scaled with the number of binary nucleon-nucleon collisions. Its magnitude is more or less consistent with in-medium dissociation of the quarkonia [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Interestingly, the yield of J/ψ in Pb-Pb collisions at the LHC is less suppressed than that in Au-Au collisions at the RHIC [25, 26] . Analysis of charm quark chemical reactions in the QGP suggests that recombination of initially uncorrelated charm and anticharm quarks does play an important role for J/ψ production in heavy-ion collisions [27] [28] [29] .
Recently rapid theoretical progress has been made in the quantum mechanical description of heavy quarks in a QGP. A potential model picture for a heavy quark pair matches our physics intuition even in a finite temperature environment. However, in a thermal environment, the concept of potential itself is not obvious. The heavy quark potential in the QGP is derived by properly integrating out the QGP degrees of freedom. An important observation was first made in analyses of the thermal Wilson loop that an imaginary part appears in the heavy quark potential because of the scattering between the heavy quarks and the plasma constituents [30] [31] [32] . There are ongoing efforts in order to numerically compute this quantity from lattice QCD simulations [33] [34] [35] [36] . Then a dynamical implementation of this complex potential in the context of the Schrödinger equation was first given by means of stochastic potential in which thermal noise is added to a real valued potential [37] . The thermal noise in the stochastic potential describes an effective coupling between the heavy quarks and the plasma constituents. In a broader perspective, the complex potential and its dynamical implementation by a stochastic potential can be consistently derived from QCD using the framework of open quantum systems [38, 39] . Applications of the theory of open quantum systems to heavy quark physics in the QGP have also appeared in [40] [41] [42] [43] [44] [45] [46] .
In this paper, we study how a quarkonium evolves in such a stochastic potential. The noise in the stochastic potential has a finite correlation length l corr reflecting the finite momentum transfer in a scattering process between a heavy quark and a medium particle [37] . Perturbative calculations show that the noise correlation length is of the order of the screening length [38] . An important effect of such a noise is the appearance of wave function decoherence. When the size of the quarkonium wave function is larger than the correlation length, the wave function is disturbed by uncorrelated noise and its coherence is easily lost. On the other hand, when the quarkonium wave function is localized in a smaller size than the correlation length, it remains almost undisturbed. In a realistic event, quarkonia with different extent of wave functions are present in a QGP fireball with continuously decreasing temperature. To obtain an essential insight into these intricate dynamics, we numerically investigate the effect of decoherence caused by the stochastic potential in a simplified one-dimensional model of a static, as well as a boost-invariantly expanding QGP.
The organization of this paper is as follows. In Sec. II, we introduce the improved stochastic potential model, which describes quarkonium dynamics in QGP. To illustrate the difference between the stochastic potential and the complex potential, we subsequently discuss the decay rate of quarkonium states. In Sec. III, we present our numerical results in one dimension. The quarkonium evolution in a QGP with a fixed temperature is studied in Sec. III A and that in a boost-invariantly expanding QGP with decreasing temperature is discussed in Sec. III B. We summarize our analysis in Sec. IV.
II. STOCHASTIC POTENTIAL MODEL
First let us introduce the state-of-the art formulation of the stochastic potential as derived from QCD [38] . Suppose that a heavy quark is located at x ≡ R + r/2 and a heavy antiquark at y ≡ R − r/2 in a hot QGP medium. They are exposed to thermal fluctuations and the strength of the potential between them is not only weakened by screening but also fluctuates. These two effects are described by a screened potential V (r) and by a stochastic term Θ(r, t) in the Hamiltonian for their relative motion 1 ,
Here M is the heavy (anti)quark mass, and Θ is the sum of noise terms for the heavy quark (θ(x, t)) and antiquark (−θ(y, t)). The microscopic origin of θ is the interaction between the heavy (anti)quark and plasma constituents and it models the effect of thermal fluctuations which have been already integrated when deriving the inmedium potential. The noise terms for the heavy quark and antiquark in Θ(r, t) have different signs because they represent opposite color charges. θ represents a Gaussian white noise with finite correlation length:
from which follows
Note that in previous works [37, 47] the expression for the noise Θ was modeled based on intuition and not systematically derived. In the more recent systematic derivation of the open quantum system approach to quarkonia from QCD [38] , it has been found that the noise Θ has to be constructed from two noises for a heavy quark and antiquark.
Once time is discretized, the delta function δ(t − t ) is expressed as δ tt ∆t . Taking ∆t → 0, the noise scales as (∆t) −1/2 . The unitary evolution operator e −iH∆t for the stochastic potential model naturally explains the complex potential found in [30] [31] [32] while conserving the wave function norm. The operator is expanded in terms of the infinitesimal time ∆t,
and a stochastic Schrödinger equation for a quarkonium wave function Ψ QQ is obtained,
Using H eff , the evolution equation for the noise averaged quarkonium wave function Ψ QQ can be written as a Schrödinger equation with a complex potential,
. Note that the complex potential in the literature is actually defined using the time evolution of Ψ QQ (not Ψ QQ ) in the M → ∞ limit and its imaginary part does not indicate the violation of unitarity.
By comparing the generators of the time evolution for Ψ QQ , we can match the stochastic potential model with the underlying microscopic theory of QCD 2 . From the stochastic potential model in the M → ∞ limit, the generator reads
while that from microscopic theory is in general expressed by a complex potential V Re (r) + iV Im (r) after taking the Markovian limit and the matching conditions are
We can immediately see that V Im (r = 0) = 0 must be satisfied to be consistent with the stochastic potential. It is natural to assume that the noise correlation vanishes when separated by a long distance,
therefore by matching, we get
In leading order perturbative calculations for a QGP with N c colors and N f flavors of massless quarks, the complex potential is obtained as [30] [31] [32] 
where
, and φ(x) is a monotonically increasing function of x:
with φ(0) = 0 and φ(∞) = 1. Here, a scale hierarchy T 1/r m D is assumed. The complex potential above implies for the stochastic potential having the following two features: (i) Color charges are screened with a screening length 1/m D and (ii) the noise θ is correlated over a correlation length ∼ 1/m D . The latter leads to a new dynamical effect on a quarkonium: Wave function decoherence. It should be emphasized here that a stochastic potential itself is a generic notion underlying the in-medium complex potential and is not restricted to the above scale hierarchy. In this paper, we adopt Eq. (11) as a guideline to model the in-medium potential even at temperatures close to the deconfinement transition.
The noise correlation length l corr ∼ 1/m D introduces a new scale for a quarkonium with a coherence length l Ψ . When the wave function is localized l Ψ l corr , the noise cannot recognize that there are two opposite charges with separation l Ψ and the wave function is undisturbed. When the wave function is extended over a long distance l Ψ l corr , the noise recognizes the heavy quark and antiquark and kicks them incoherently. In the former case the quarkonium state remains virtually unchanged, while in the latter case it is easily mixed with excited states. Therefore, in addition to the static effects (such as melting) by a screened potential, decoherence provides another dynamical mechanism for quarkonium suppression. We see that in practice an intricate interplay between screening and decoherence ensues, which also entails the thermal excitation and deexcitation of states, all of which modify the final yield of the individual bound states.
Let us comment on the difference between evolving heavy quarkonium with a stochastic potential [37] and, as has been done in the literature so far, with a complex potential [15, 16] . To be specific, we compare the decay rates of an initial state computed according to these two approaches. We take the initial state to be an eigenstate ϕ n of the Hamiltonian without noise,
In a single time step, the stochastic potential evolves ϕ n into ϕ(∆t) via
and the corresponding occupation c n (∆t) is given by
The decay rate
is obtained as
The second term of the right-hand side in Eq. (16) originates from the correlations within the noise. Using the complex potential, the decay rate is given only by the first term. The second term vanishes due to the parity of eigenstates and the two approaches give the same decay rate 3 . Even though the evolution starts with a common decay rate, the wave function evolves differently in the two approaches. As we have seen, a wave function evolved with the complex potential corresponds to an averaged wave function evolved with the stochastic potential. Therefore the occupation probability of any state is always underestimated in the complex potential.
III. ONE-DIMENTIONAL NUMERICAL CALCULATION
We solve the stochastic Schrödinger equation (5) numerically and compute the survival probability of each state. To demonstrate the effect of decoherence on quarkonium bound states, it is sufficient to simulate a one-dimensional system. We first consider a static one-dimensional system in Sec. III A and subsequently a Bjorken expanding system with decreasing temperature in Sec. III B.
The numerical calculation is performed using an operator splitting method. The evolution operator from time t n to t n + ∆t is given by
where U Θ tn→tn+∆t is a random phase rotation with spatially correlated noise:
and U manifestly unitary. In our numerical implementation for bottomonium (charmonium), the one-dimensional spatial axis −2.56fm ≤ x ≤ 2.56fm (−5.12fm ≤ x ≤ 5.12fm) is discretized with 512 cells (1024 cells) of size ∆x = 0.01 fm and the wave function is updated 100000 times with a time step ∆t = 0.0001 fm from t = 0 to t = 10 fm. The spatial size of 5.12 fm (10.24 fm) is large enough to accommodate bound state wave functions in our computations. We collect 1000 events and take their average to produce the thermal ensemble average for each setup.
To simplify the modeling, we parametrize V (x) and D(x) in such a way that their essential features are captured:
with parameters α eff , m D , γ, and l corr . The values for these parameters obtained in a perturbative calculation are
We only evaluate the scaling with g and T for the noise correlation length l corr because the noise correlation D(x) is not exactly a Gaussian function. In numerical calculations, the singularity of the Debye screened potential at the origin x = 0 needs to be regularized. We definex(x) ≡ sgn(x) x 2 + 1/M 2 , with which the Debye screened potential is regularized as V (x) → V (x(x)).
A. Quarkonium in a static QGP
We here compute the time evolution of a bottomonium wave function under the stochastic potential to investigate the effects of decoherence. The mass of the bottom quark and the parameters of the stochastic potential are listed in Table I , which correspond to estimates for a QGP at T = 0.4 GeV, a typical temperature in relativistic heavy-ion collisions. We change the noise correlation length l corr = 0.04, 0.16, 0.32, 0.48, 0.96 fm to study how the results depend on l corr . When we take l corr ∼ 1/T , l corr is about 0.5 fm.
The initial wave function is chosen to be the ground state in the (regularized) Debye screened potential V (x(x)) in Eq. (19a). The radius, or the coherence length l Ψ , of the ground state is about 0.2 fm. The wave function is evolved by the stochastic Schrödinger equation (5) . In each event, we compute the occupation probability of the ground state as a function of time, then take an ensemble average over 1000 events. Note that with this setup, the change in the occupation probability is solely due to the noise term Θ.
Our results are shown in Fig. 1 . We can clearly see that the occupation probability of the ground state is sensitive to the noise correlation length l corr . When l corr is chosen at the upper end of the parameter range, the initial ground state is only weakly affected by the noise. On the other hand, when a shorter l corr is chosen, the initial ground state is easily excited by the noise and the wave function becomes a mixture of the ground and excited states. 4 The transition of these two regimes roughly takes place at l corr ∼ l Ψ ∼ 0.2 fm.
Let us compare the evolution from the ground state using the stochastic potential and the complex potential as discussed in Sec. II. We choose the noise correlation length l corr =0.48, 0.16 fm. Note that the complex potential in this computation corresponds to V Re (x) = V (x(x)) and Eq. (19a) . The computation of the time evolution of the wave function under the complex potential is carried out via the following procedure: (i) The wave function is evolved by the stochastic Schrödinger equation. (ii) We compute the averaged wave function of 1000 events. (iii) Then we compute the ground state probability. This procedure amounts to the time evolution by H eff , which is nothing but the evolution by the complex potential. 4 The dissipation might become relevant for shorter lcorr in a time scale of 9 fm, but it is beyond the scope of our analysis. The result is shown in Fig. 2 . We find the fact that initially the decay rate is the same between the two approaches but the occupation at later times is different and that a smaller l corr gives larger difference between two potentials. As predicted, we numerically confirm that the occupation probability is larger in the stochastic potential than in the complex potential.
B. Quarkonium in a Bjorken-expanding QGP
In relativistic heavy-ion collisions, the system rapidly expands and its temperature decreases in time. The simplest model for such system is the boost-invariant onedimensional expansion, or the Bjorken expansion [48] . The temperature of a Bjorken-expanding QGP is given as a function of time t,
Here T 0 is the initial temperature and t 0 is the QGP formation time after heavy ions have collided. We choose T 0 = 0.4 GeV and t 0 = 1 fm, which are typical values in relativistic heavy-ion collisions. In this calculation, we study both bottomonium and charmonium. The heavy quark masses and the parameters of the stochastic potential are listed in Table II .
As the initial wave function, we chose either the ground state, the first excited state, or the second excited state of the vacuum Cornell potential,
with α eff = 0.3 and σ = 1 GeV/fm. Here again, we regularize the singularity at the origin by V vac (x) → FIG. 3 . Time evolution of the occupation probability of quarkonium bound states (the ground, the first excited, and the second excited states) in the stochastic potential model in a Bjorken-expanding QGP. Both the initial states and the projected states are the bound states in the vacuum Cornell potential. The left figure shows the calculation for bottomonium and the right for charmonium. For comparison purposes, we also plot the probability of the ground state from an evolution only with the Debye screened potential, i.e. without noise (dashed lines).
TABLE II. Mass and parameters in the model
). The wave function is subsequently evolved by the stochastic Schrödinger equation. In each event, we compute the occupation probability of the initial wave function as a function of time, then take an ensemble average over 1000 events. In this computation, the potential in the time evolution is V (x(x)) [eq.(19a)] and it depends on time while the initial and the projected states are defined from the vacuum potential V vac (x(x)). We choose these projected states because experimentally observed particles should obey the Cornell potential in the cold medium. Our results are shown in Fig. 3 .
We can see that the shallower bound states are excited and lost in shorter time scales within each quarkonium species. The reason is that shallower bound states are more extended and have larger radii, or longer coherence length l Ψ . Comparing nth states of bottomonium and charmonium, we observe that the former decreases more slowly because of their smaller radii. These features qualitatively agree with the experimental data R AA in relativistic heavy-ion collisions and the phenomenological expectation of sequential modification [49] .
Finally, let us estimate to what extent the noise Θ is essential in the decrease of the initial bound states. For this purpose, we start from the ground state of the Cornell potential, evolve by the Schrödinger equation without noise using only U H tn→tn+∆t , and compute the survival probability of the ground state.
The results are also shown in Fig. 3 (dashed lines) . The bottomonium ground state stays almost unchanged because it is so localized that it is bound essentially in a Coulomb potential in the temperature range of our study. The charmonium ground state occupation probability shows a nonmonotonic behavior as a function of time. At first the Debye screened potential does not have a long-distance attractive force so that the charm and anticharm start to become separated. At later times the temperature decreases, the Debye screening length becomes longer, and the attractive force reaches out to longer distances. Thus the charm and anticharm are drawn to each other more closely, and the charmonium wave function becomes more localized and has a larger overlap with the initial ground state wave function.
Let us also compare the results with and without the noise. For both bottomonium and charmonium ground states, there is a significant deviation from the results with the stochastic potential. In particular for charmonium in the absence of noise, a replenishment of the ground state sets in within t < 10fm, which is absent in the presence of wave function decoherence. This demonstrates explicitly that decoherence by noise represents an important dynamical mechanism for quarkonium suppression.
IV. CONCLUSION
In this paper, we studied the time evolution of a quarkonium in one-dimensional QGP using an improved stochastic potential model based on QCD. The stochastic potential is composed of a Debye screened potential and a noise term, which possesses a finite correlation length l corr . The scale l corr introduces a new dimension to the quarkonium dissociation, namely wave function decoherence. When the correlation length l corr is much smaller than the coherence length l Ψ , or the radius, of a quarkonium wave function, the wave function acquires incoherent phase rotations from the noise and is easily mixed with excited states. In the opposite case where l corr l Ψ , the noises for a heavy quark and a heavy antiquark nearly cancel and the wave function remains almost unaffected. The transition of these two cases occurs at l corr ∼ l Ψ . We numerically confirmed this behavior in Sec. III A for the bottomonium ground state in a static QGP.
One crucial difference between the stochastic potential compared to the complex potential is that the former can define time evolution of a density matrix while the latter cannot. This difference results in a discrepancy in the evolution of the occupation probability of initial bound states, which is calculated from the density matrix. The probability calculated by the stochastic potential decreases more slowly than that calculated by the complex potential. We demonstrated in Sec. III A that this discrepancy can be sizable.
We also simulated the time evolution of a bottomonium and a charmonium in a Bjorken-expanding QGP using the stochastic potential model in Sec. III B. The initial wave functions we used were either the ground state, the first excited state, or the second excited state in the vacuum Cornell potential. The occupation probability of the initial bound state during the evolution is computed and found to be sensitive to the bound state radius, as is expected from our study in Sec. III A. This tendency agrees qualitatively with the results of R AA in relativistic heavy-ion collisions. To identify the effect of noise, we calculated the time evolution in the same setup using a potential without noise. Again we found significant deviations between our results with stochastic potential and those only with the screened potential and thus confirmed that the wave function decoherence provides an important dynamical mechanism in the quarkonium suppression.
Our numerical simulations point out that the time evolution with the complex potential or only with the screened potential predicts unreliable survival probability of an initial bound state: The former, as depicted in Fig. 2 underestimates the occupation probability, while as in Fig. 3 the latter overestimates it. To understand quarkonium production in relativistic heavy-ion collisions in a quantitative way with a systematic connection to QCD, wave function decoherence must be correctly treated in phenomenological studies.
In the future, we extend our analysis to threedimensional space with a more realistic evolution of the QGP and study what information about the dissociation mechanism can be learned from the quarkonium yields in the experiments. At the same time the stochastic potential approach may be extended beyond the color singlet sector investigated here, by coupling explicit wave functions for the color octet. In QCD with N c colors, the wave function for a heavy quark pair has color structure in N c ⊗ N * c representation of SU(N c ) group. The noise carries color charges θ a (a = 1, 2, · · · , N 2 c −1) and rotates the heavy quark colors by Θ(r, t) ≡ θ a (R+r/2) [t a ⊗ 1]− θ a (R − r/2) [1 ⊗ t a * ], with t a being the su(N c ) algebra in the fundamental representation. An implementation of this extension, which was first discussed in [38] , is straightforward 5 . Finally, the effect of dissipation, which has not been incorporated in our present analysis, is investigated in our future publication.
